We study the phase structure of the N c = 2 lattice gauge theories with fundamental and adjoint fermion representations in the supercritical (negative mass) region of the Wilson-Dirac operator. To examine the location of the Aoki phase, we investigate the behaviors of meson correlation functions as well as the locality of the low-lying eigenmodes of the hermitian Wilson-Dirac operator, on quenched and dynamical configurations. We also observe the level statistics of the overlap operator and compare them with the random matrix theory.
Introduction
Recently it has been drawing much attention to study non-QCD lattice gauge theories with general numbers of colors and flavors and with general fermion representations [1] . Main motivation is a search for possible alternative dynamics to the Higgs sector in the standard model, whose effect may become manifest in forthcoming LHC experiment. For instance, in the so-called walking technicolor theories, a slowly running (walking) coupling over wide range of scale plays an essential role, and gauge theories with a nontrivial infrared fixed point and a conformal window are regarded as possible candidates with such dynamical property. Lattice simulations now enable us to study these candidate gauge theories, and to estimate physical quantities to be compared with current and future precision experimental data.
Our goal of present study is to explore the N c = 2 lattice gauge theories with N f massless Dirac fermions in fundamental or adjoint representation, and examine the dynamics of spontaneous chiral symmetry breaking for various N f . By adopting the overlap-Dirac fermions, which have an exact chiral symmetry on the lattice, one can simulate the theories in the ε-regime and examine possible chiral symmetry breaking through the low-lying spectrum of the overlap-Dirac operator. The relation of chiral phase transition to deconfinement transition in these theories is another interesting subject to study. These SU(2) gauge theories have an attractive feature that the infrared fixed point is expected to appear with less number of N f , compared to larger N c theories.
In using the overlap fermions, one needs to ensure that the overlap-Dirac operator is exponentially local. Since the locality of the overlap operator is closely related to the spectral gap of the Wilson-Dirac operator with a supercritical mass, we first focus on this issue in N c = 2 case. Namely, we explore the Aoki phase, where the flavor-parity symmetry is broken spontaneously (in addition to chiral symmetry), by analyzing the meson correlator and the spectrum of the Wilson-Dirac operator. We also investigate the spectrum of the overlap operator to compare with the random matrix theory. All results in this report are obtained in quenched approximation, as a preparation for the dynamical simulations of overlap fermions.
Locality of overlap operator and Aoki phase
The overlap-Dirac operator is represented as
where H W is the hermitian Wilson-Dirac operator with negative mass −M 0 . If the near-zero eigenvalue spectrum of H W has a gap, the locality of the overlap operator is ensured [2] . In the case that the near-zero modes exist, Golterman and Shamir proposed the following conjecture [3, 4] .
• There is certain frequency below that the eigenvectors of H W are exponentially localized. This frequency is called 'mobility edge' after similar phenomena in the disordered system.
• If the near-zero modes of H W is exponentially local, the overlap operator is also local.
• Aoki phase is characterized with vanishing mobility edge.
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This conjecture is numerically confirmed in Refs. [4] . The locality of the overlap operator is also verified along this conjecture in Refs. [5] . Thus the locality of the overlap operator is satisfied if the system is out of the Aoki phase. The Aoki phase is characterized by parity-flavor symmetry breaking [6] . Let us consider the N f = 2 QCD case. At zero temperature, the chiral symmetry is spontaneously broken, and three massless Nambu-Goldstone modes (pions) appear accordingly. For the Wilson-Dirac operator with negative bare quark mass, Aoki proposed that there may exist in the g 2 -M 0 plane a phase in which one of three pions are condensed. Such a phase has been verified to exist in numerical simulations. Our first question is whether and where the Aoki phase exists in the case of the SU(2) gauge theories.
Numerical study of Wilson-Dirac operator
In this work we use two ensembles of quenched SU(2) gauge configurations on 8 3 × 16 lattice generated with the Iwasaki gauge action at β = 0.8 and 1.0. For each ensemble the HMC algorithm is used to generate 500 configurations each separated by 10 trajectories of unit length. The gauge field is represented by 2 × 2 link variable acting on the fermion spinors in the fundamental representation. For the adjoint fermions, the 3 × 3 link variable U A is obtained as
where T a F is the generator of the fundamental representation. While there is no direct relation for the SU(2) gauge theory to the real world, just to give an idea of typical scale of these lattices, we set the lattice scale by hadronic radius r 0 determined from the static quark potential in fundamental representation. By setting r 0 = 0.49fm, the lattice spacings are determined as a = 0.2804(13)fm at β = 0.8 and a = 0.1445(15)fm at β = 1.0.
Meson correlator
As a probe of the Aoki phase, we first analyze the pion correlator following Ref. [4] . We introduce the twisted mass term as an external field in the Wilson-Dirac fermion action as
Then in the Aoki phase, in the limit of m 1 → 0, π 3 becomes massive while π ± remain massless. Thus we measure the pion correlator in the broken direction,
The extracted pion masses with standard fitting procedure are extrapolated to vanishing twisted mass. Except for the edges, the region where m π vanishes signals the Aoki phase. Figure 1 shows the m 1 dependence of the pion mass at β = 1.0. The left panel corresponds to the physical region (positive physical quark mass), while the right panel corresponds to the region in between the Aoki phase. As M 0 is changed, the m 1 -dependence of the pion mass is changed differently in the left and right panels. At each M 0 , we linearly extrapolate the values of m π (m 1 ) 2 to m 1 = 0 using the data at three lowest m 1 . The result is plotted in Fig. 2 . At β = 0.8 (left panel), in the region of M 0 = 1.24-1.35 the pion mass is zero indicating that this region corresponds to the Aoki phase. In the right panel, at β = 1.0, the region where the pion mass vanishes is very narrow. To examine whether this behavior depends on the volume, we are now repeating the same analysis on a 12 3 × 24 lattice. Figure 3 shows the result of the same analysis applied to the adjoint representation of fermions. At β = 0.8 (left panel), in the wide range of M 0 > 1.85, the pion mass remains massless. This indicates that the Aoki phase extends over the whole region of M 0 > 1.85. At β = 1.0 (right panel), however, finger-like structure appears.
PoS(LAT2009)064
Study of Aoki phase in Nc=2 gauge theories with fundamental and adjoint fermions
Low-lying eigenmodes of H W
In this subsection, we measure another probe of the Aoki phase, the low-lying eigenmodes of the hermitian Wilson-Dirac operator. In particular, if the low-lying spectrum has a gap, there is no possibility of the Aoki phase. Figure 4 shows the near-zero spectral density of H W at β = 1. 
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If the near-zero modes of H W have finite density, the properties of these modes are to be investigated. According to the conjecture of Golterman and Shamir, these modes should localize outside the Aoki phase, and extend inside. Figure 5 shows the behavior of the lowest mode on 5 configurations at the same values of M 0 as Fig. 4 . These figures are generated as follows; first we find the site x max at which the eigenvector φ λ (x) has the largest value of |φ λ (x)| 2 . Then along the t-direction, |φ λ (x − x max )| 2 is plotted. Difference between the results at M 0 = 0.82 and 0.90 is not manifest. More detailed analysis and comparison of more manifest cases are needed.
Spectrum of overlap operator
To investigate whether the chiral symmetry is broken or not, we determine the near-zero spectrum of the overlap-Dirac operator. Such analysis would be powerful tool to determine the chiral condensate in the ε-regime simulations. If the chiral symmetry is broken, the spectrum would exhibit specific feature as predicted by the random matrix theory (RMT) [10] . In the case of the
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Hideo Matsufuru fundamental fermions in the color SU(2) gauge theory, the symmetry breaking pattern is expected to be SU(2N f )→SO(2N f ), while for the adjoint fermions SU(2N f )→Sp(2N f ) [9] . Figure 6 shows the result at β = 1.2 for the adjoint representation (M 0 = 1.8). Note that the lattice spacing at this β is 0.066(2)fm and thus volume is not sufficiently large. The left panel shows the distribution of unfolded level spacing. Three curves represent the predictions of RMT for the chiral Gaussian orthogonal, unitary, and symplectic ensembles. The result agrees with the symplectic ensemble. The right panel shows the distribution of unfolded eigenvalues. Three solid curves represent the predictions of RMT. The numerical result of the lowest level seems to agree with the chiral Gaussian symplectic ensemble (ChGSE). The distribution of the second lowest level, however, shifts rightward from the expected curve. This may be explained as the finite volume effect. These behavior indicate that the chiral symmetry is indeed broken with the expected pattern.
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Conclusion and outlook
As a preparation to the dynamical simulations of SU (2) gauge theories with the overlap fermions, we have investigated the properties of the Wilson-Dirac operator on quenched ensembles. The meson correlators and eigenmodes of H W were analyzed to specify where the Aoki phase lies. These observables are indeed helpful to verify that the system is sound to use the overlap operator. We also observe the spectrum of the overlap operator to judge whether the chiral symmetry is broken or not.
Since the present analysis are still exploratory level, we need to complete them in wider range of β and M 0 , as well as on larger lattices. To improve the locality of the overlap operator, one may adopt the topology fixing term which explicitly suppresses the near-zero modes of H W [7, 8] . Fixed topology simulation in the ε-regime is also efficient for comparison with the chiral perturbation theory and RMT [11] . Since this is our plan in the dynamical overlap simulation, it is important to extend our analyses to this case.
We have started dynamical simulations with overlap fermions and a study of N f -dependence of SU(2) gauge theories. It is also important to investigate the finite temperature phase transition of these theories.
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